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Abstract
We consider the problem of the symplectic realization of a Poisson-Nijenhuis
manifold. By applying a new technique developed by M. Crainic and I. Maˇrcut¸
for the study of the above problem in the case of a Poisson manifold, we establish
the existence, under a condition, of a nondegenerate Poisson-Nijenhuis structure on
an open neighborhood of the zero-section of the cotangent bundle of the manifold,
which symplectizes the initial structure. Additionally, we present some examples.
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1 Introduction
A bi-Hamiltonian manifold is a smooth manifold M endowed with a pair (Π0,Π1) of
compatible Poisson structures in the sense that Π0 + Π1 is still a Poisson structure.
The last condition happens if and only if the Schouten bracket of Π0 with Π1 vanishes.
Poisson-Nijenhuis manifolds is a particular class of bi-Hamiltonian manifolds which are
characterized by the property that the pair (Π0,Π1) possesses a Nijenhuis operator N
as a recursion operator. The first notion is due to F. Magri [18] and the second has been
introduced by F. Magri and C. Morosi [19] in order to study the complete integrability
of Hamiltonian dynamical systems. Franco Magri first discovered that if a dynamical
system X on M can be written in Hamiltonian form in two different compatible ways,
namely, there exist a bi-Hamiltonian structure (Π0,Π1) on M and f0, f1 ∈ C
∞(M) such
that
X = Π#0 (df1) = Π
#
1 (df0),
then it possesses an infinity of first integrals. More precisely, if Π0 and Π1 have Casimirs
functions, then, they are first integrals of X as well as the Casimirs of the Poisson pencil
1
Πλ = Π0 + λΠ1, λ ∈ R. While, if Π0 is nondegenerate, then the pair (Π0,Π1) has a
recursion operator N = Π#1 ◦ Π
#−1
0 and the functions Ik = Trace(N
k), k = 1, . . . , n =
1
2
dimM , are first integrals of X. Consequently, if enough of the obtained first integrals
are functionally independent, then the system is completely integrable in the sense of
Arnold-Liouville. This result is the origin of an increased interest in the study of bi-
Hamiltonian and specially Poisson-Nijenhuis manifolds during the last 35 years. Many
mathematicians have examined a plethora of problems related with these structures.
Indicatively, we cite the works of Y. Kosmann-Schwarzbach and F. Magri [13] where
Poisson-Nijenhuis and related structures are studied under algebraic circumstances, [14]
in which Y. Kosmann-Schwarzbach suggested a relation between Lie bialgebroids and
Poisson-Nijenhuis structures, [27] and [28] in which I. Vaisman developed the theory
of Poisson-Nijenhuis manifolds using Lie algebroids and studied the reduction problem
of these manifolds, respectively. Moreover, we cite the works of I. M. Gel’fand and I.
Zakharevich [11], P. J. Olver [21], F. J. Turiel [26] and of the author [22], [23] where the
local classification of bi-Hamiltonian and Poisson-Nijenhuis structures is considered.
One of the most important problems in Poisson geometry from the point of view of
integration and quantization theory of Poisson manifolds is that of symplectic realization
of a Poisson manifold (M,Π). It consists of constructing a surjective submersion Φ :
(M˜, Π˜) → (M,Π) from a symplectic-Poisson manifold (M˜ , Π˜), i.e. Π˜ is nondegenerate,
to (M,Π) such that Φ is a Poisson map. The existence of a local symplectic realization
for a given (M,Π), i.e. in the neighborhood of a singular point of Π, and its universality
was proven by A. Weinstein in [30] while the existence of a global symplectic realization
for any Poisson manifold is established by A. Weinstein and his collaborators A. Coste
and P. Dazord in [3]. The same global result was obtained independently by M. Karasev
[12].
The analogous problem in the framework of bi-Hamiltonian manifolds is expressed as
follows: For a given bi-Hamiltonian manifold (M,Π0,Π1) whose all the Poisson struc-
tures of the associated Poisson pencil Πλ = Π0 + λΠ1, λ ∈ R, are degenerate, con-
struct a surjective submersion Φ : (M˜, Π˜0, Π˜1) → (M,Π0,Π1) from a nondegenerate
bi-Hamiltonian manifold (M˜ , Π˜0, Π˜1), i.e., at least one of the structures of (Π˜0, Π˜1) is
nondegenerate, to (M,Π0,Π1) such that Φ is a Poisson map for the both pairs (Π˜0,Π0)
and (Π˜1,Π1). It is a difficult problem and it has been studied by the author in [24]. Her
results are local and concern some special cases.
Recently, M. Crainic and I. Maˇrcut¸ have presented a new proof of the existence of a
symplectic realization of a Poisson manifold (M,Π) based on the theory of contravariant
connections and of Poisson sprays. It consisted in the construction of a symplectic form
on an open neighborhood of the zero-section of the cotangent bundle of M [6]. By
studying this paper the natural question which arises is: Can we use the M. Crainic and
I. Maˇrcut¸’s new technique in order to investigate the symplectic realization problem of a
degenerate bi-Hamiltonian manifold (M,Π0,Π1)?
The purpose of this paper is to study the above question. Because of the difficulties
that we have encountered in the consideration of the general case, we restricted our
study in the case of Poisson-Nijenhuis manifolds and we proved the following result:
For any Poisson-Nijenhuis manifold (M,Π0, N) endowed with a symmetric covariant
connection ∇ compatible with N , in a sense specified below, there exists a nondegenerate
bi-Hamiltonian structure on an open neighborhood of the zero-section of the cotangent
bundle of M that symplectizes (Π0, N).
The proof of the main result is given in Section 3 and for its presentation we follow
the notation of M. Crainic and I. Maˇrcut¸’s paper. Section 2 is devoted to the recall of
some preliminary notions while in section 4 we give some examples.
2
2 Preliminaries
We first fix our notation and recall some important notions and results needed in the
following. Let M be a smooth n-dimensional manifold, we denote by TM and T ∗M
its tangent and cotangent bundle, respectively, by Γ(TM) and Γ(T ∗M) the correspond-
ing spaces of smooth sections of TM and T ∗M , and by C∞(M) the space of smooth
functions on M . The canonical projection of T ∗M onto the base M is denoted by
π : T ∗M →M . Finally, for any local coordinate system (x1, . . . , xn) of M we denote by
(x1, . . . , xn, y1, . . . , yn) or (x, y) the adapted coordinate system on T
∗M .
2.1 Poisson-Nijenhuis manifolds
We recall some basic definitions concerning Poisson structures and we give the formal
definition of a Poisson-Nijenhuis manifold.
A Poisson manifold (M,Π) is a smooth manifoldM equipped with a smooth bivector
field Π such that [Π,Π] = 0, where [·, ·] denotes the Schouten bracket, the unique natural
extension of the Lie bracket between vector fields to multivector fields, [17], [29], [8]. The
bivector field Π defines a natural vector bundle morphism Π# : T ∗M → TM whose the
induced morphism on the space of smooth sections, also denoted by Π#, is defined, for
any α, β ∈ Γ(T ∗M), by
〈β,Π#(α)〉 = Π(α, β).
The map Π# is a Lie algebra homomorphism from the Lie algebra (Γ(T ∗M), [·, ·]Π) to
the Lie algebra (Γ(TM), [·, ·]), where the Lie bracket [·, ·]Π on Γ(T
∗M) is given by
[α, β]Π = LΠ#(α)β − LΠ#(β)α− d(Π(α, β)). (1)
In the particular case where α = df , the vector field Π#(df) is called the Hamiltonian
vector field of f with respect to Π and it is denoted by Xf .
A differentiable map between two Poisson manifolds Φ : (M1,Π1) → (M2,Π2) is
called Poisson map or Poisson morphism if the vector bundle morphisms Π#1 : T
∗M1 →
TM1 and Π
#
2 : T
∗M2 → TM2 satisfy, for all x ∈M1,
Π#2Φ(x) = Φ∗x ◦ Π
#
1x
◦Φ∗x.
A Nijenhuis structure on a manifoldM is a tensor fieldN of type (1, 1), viewed also as
a vector bundle map N : TM → TM , with Nijenhuis torsion T (N) : TM × TM → TM
identically zero on M . This means that, for any pair (X,Y ) of vector fields on M ,
T (N)(X,Y ) = [NX,NY ]−N [NX,Y ]−N [X,NY ] +N2[X,Y ] ≡ 0.
A Poisson-Nijenhuis manifold is a Poisson manifold (M,Π0) equipped with a com-
patible Nijenhuis structure N in the sense that
N ◦ Π#0 = Π
#
0 ◦
tN (2)
and the Magri-Morosi’s concomitant C(Π0, N) of Π0 and N is identically zero on M .
The concomitant C(Π0, N) is a T
∗M -valued bivector field onM defined, for any (α, β) ∈
Γ(T ∗M)× Γ(T ∗M), by
C(Π0, N)(α, β) = (LΠ#0 (α)
tN)β − (L
Π#0 (β)
tN)α+ tNd(Π0(α, β)) − d(Π1(α, β)). (3)
The condition (2) and the vanishing of C(Π0, N) ensures that Π1, defined by Π
#
1 =
N ◦Π#0 , is a bivector field which satisfies the relation [Π0,Π1] = 0. Then, the vanishing
of T (N) implies that Π1 is also Poisson, [20]. Thus, (Π0,Π1) is a bihamiltonian structure.
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As is well-known [13], a Poisson-Nijenhuis structure (Π0, N) defines a whole hierarchy
(Πk)k∈N of Poisson structures, Π
#
k = N
k ◦ Π#0 , which are pairwise compatible, i.e., for
all k, l ∈ N, [Πk,Πl] = 0. In the particular case where N is nondegenerate, the hierarchy
is defined for any k ∈ Z, also.
2.2 Lifts to the cotangent bundle
The theory of lifts of tensor fields from an arbitrary manifold M to its cotangent bundle
T ∗M is dealt with in the book by K. Yano and S. Ishihara [31]. In this subsection we
shall present some results concerning the lifts on T ∗M of a Nijenhuis tensor and of a
vector field on M .
LetN be a Nijenhuis tensor field onM which in a local coordinate system (x1, . . . , xn)
of M is written as N = νij
∂
∂xi
⊗ dxj . We shall present two different ways of lifting N
on T ∗M . In the first way, the vertical lift of N , we get a vertical vector field Nv on
T ∗M given by Nv = yiν
i
j
∂
∂yj
. In the second way, the complete lift of N , we obtain
a tensor field N c of type (1, 1) again on T ∗M ; its local expression in the coordinates
(x1, . . . , xn, y1, . . . , yn) of T
∗M is
N c = νij(
∂
∂xi
⊗ dxj +
∂
∂yj
⊗ dyi) + yi(
∂νij
∂xk
−
∂νik
∂xj
)
∂
∂yj
⊗ dxk.
Moreover, N c viewed as a vector bundle map N c : T (T ∗M)→ T (T ∗M) has the matrix
expression
N c =
(
N 0
A tN
)
, (4)
where A = (ajk) with a
j
k = yi(
∂νij
∂xk
−
∂νik
∂xj
). We have that T (N c) = (T (N))c, where
(T (N))c is the complete lift on T ∗M of the skew-symmetric (1, 2)-tensor field T (N) on
M [31]. Thus we conclude
Proposition 2.1 The complete lift N c of a Nijenhuis operator N on M is a Nijenhuis
operator on T ∗M and reciprocally.
Now, we assume that M is endowed with a classical symmetric linear connection ∇.
The symmetry condition of ∇ means that its torsion T∇ is identically zero, i.e., for any
X,Y ∈ Γ(TM),
T∇(X,Y ) = ∇XY −∇YX − [X,Y ] ≡ 0. (5)
In a coordinate system (x1, . . . , xn), the symmetry of ∇ is expressed by the fact that
Γkij = Γ
k
ji, where Γ
k
ij , i, j, k = 1, . . . , n, are the coefficients (Christoffel symbols) of
∇ ∂
∂xi
∂
∂xj
= Γkij
∂
∂xk
. For a vector field X = χi
∂
∂xi
on M , we set
Xh = χi
∂
∂xi
+ ykΓ
k
ijχ
j ∂
∂yi
and we call the vector field Xh the horizontal lift of X on T ∗M . The horizontal lifts of
all vector fields on M define the horizontal bundle H on T ∗M with respect to ∇ which
is a distribution on T ∗M complementary to its vertical distribution ker π∗, namely
T (T ∗M) = H⊕ ker π∗,
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[25]. The sections of H are called horizontal vector fields of T ∗M . It is evident that a
horizontal lift is indeed horizontal and, conversely, a projectable horizontal vector field,
i.e., a horizontal vector field whose coefficients of
∂
∂xi
are functions pulled back from M ,
is the horizontal lift of its projection. H is involutive if ∇ is of zero curvature.
We have that the complete lift N c of a Nijenhuis operator N maps the projectable
horizontal vector fields Xh, X ∈ Γ(TM), to
N cXh = (NX)h + [∇N ]vX , (6)
where [∇N ]vX is the vertical lift of the (1, 1)-tensor field [∇N ]X on M defined, for any
Y ∈ Γ(TM), by
[∇N ]XY = (∇XN)Y − (∇YN)X,
[31]. Therefore, we get that N c conserves the horizontal distribution H if and only if
[∇N ]X = 0, for any X ∈ Γ(TM), or, equivalently, for any X,Y ∈ Γ(TM),
(∇XN)Y − (∇YN)X = 0. (7)
In the following, equation (7) will be referred as compatibility condition between N and
∇. An easy computation yields that, in local coordinates, (7) is equivalent to the system
of equations
∂νij
∂xk
−
∂νik
∂xj
= Γijlν
l
k − Γ
i
klν
l
j . (8)
2.3 Contravariant connections
The fundamental concept of contravariant connection in Poisson geometry appeared
firstly in R. L. Fernandes’ paper [9] and from then it has an essential contribution in the
study of the global properties of Poisson manifolds, [10], [5]. Its definition is inspired
by that of a classical covariant connection and it is based on the general philosophical
principle in Poisson geometry that the cotangent bundle plays the role of the tangent
bundle and the two are related by the bundle map Π#.
Let (E, τ,M) be a vector bundle over a Poisson manifold (M,Π) and Γ(E) the space
of the smooth sections of E. A contravariant connection on E is a bilinear map
∇ : Γ(T ∗M)× Γ(E) → Γ(E)
(α, s) 7→ ∇αs
satisfying, for any (α, s) ∈ Γ(T ∗M)× Γ(E) and f ∈ C∞(M), the following properties:
∇fαs = f∇αs and ∇α(fs) = f∇αs+ (LΠ#(α)f)s.
In order to introduce the corresponding notion of contravariant derivative along a
path for a contravariant connection ∇ on E, we define a suitable notion of cotangent
path (or T ∗M -path in the sense of [4]) as follows.
A cotangent path a with base path γ is a curve a : [0, 1] → T ∗M sitting above some
curve γ : [0, 1]→M , that means that π(a(t)) = γ(t), such that
dγ
dt
(t) = Π#(a(t)).
Hence, given a T ∗M -path (a, γ) and a path u : [0, 1] → E on E above γ, i.e.,
τ(u(t)) = γ(t), the contravariant derivative of u along a, denoted by ∇au, is well defined.
We choose a time-dependent section s of E such that s(t, γ(t)) = u(t) and we set
∇au(t) = ∇ast(γ(t)) +
dst
dt
(γ(t)).
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In what follows we are interested in contravariant connections on the cotangent bun-
dle (T ∗M,π,M) of a Poisson manifold (M,Π) induced by a classical covariant connection
∇ on M . We know that any such connection ∇ on (M,Π) induces a contravariant con-
nection ∇¯ on TM and a contravariant connection ∇˜ on T ∗M which are defined, for any
α, β ∈ Γ(T ∗M) and X ∈ Γ(TM), respectively, by
∇¯αX = Π
#(∇Xα) + [Π
#(α), X] and ∇˜αβ = ∇Π#(β)α+ [α, β]Π, (9)
where [·, ·]Π is the Lie bracket (1) on Γ(T
∗M) defined by Π. Because
Π# : (Γ(T ∗M), [·, ·]Π)→ (Γ(TM), [·, ·])
is a Lie algebra homomorphism, the two connections are related by the formula
∇¯α(Π
#(β)) = Π#(∇˜αβ). (10)
Moreover, in the case where ∇ is without torsion, they are, also, related as it is indicated
in the following Lemma.
Lemma 2.2 ([6]) Let ∇ be a linear torsion-free connection on M and a : [0, 1]→ T ∗M
a cotangent path with base path γ. Then, for any smooth paths θ : [0, 1] → T ∗M and
u : [0, 1]→ TM , both above γ, the following identity holds:
〈∇˜atθt, ut〉+ 〈θt, ∇¯atut〉 =
d
dt
〈θt, ut〉. (11)
We close this subsection by calculating the coefficients Γ˜ijk of ∇˜ in a local coordinate
system (x1, . . . , xn) of M . Let Γkij be the Christoffel symbols of ∇ in these coordi-
nates. We consider the extension of ∇ on T ∗M , also denoted by ∇, and we calculate its
coefficients in (x1, . . . , xn):
∇ ∂
∂xj
dxi = −Γijkdx
k. (12)
Thus,
∇˜dxidx
j (9)= ∇Π#(dxj)dx
i + [dxi, dxj ]Π
(1)
= ∇Πjl ∂
∂xl
dxi +
∂Πij
∂xk
dxk
= Πjl∇ ∂
∂xl
dxi +
∂Πij
∂xk
dxk
(12)
= Πjl(−Γilkdx
k) +
∂Πij
∂xk
dxk
= (ΓilkΠ
lj +
∂Πij
∂xk
)dxk.
Hence we get
Γ˜ijk = Γ
i
klΠ
lj +
∂Πij
∂xk
. (13)
2.4 Poisson sprays
The contravariant analogue of the classical notion of a spray ([15]) is the one of Poisson
spray that is defined in [6] as follows.
Definition 2.3 A Poisson spray on a Poisson manifold (M,Π) is a vector field VΠ on
T ∗M that satisfies the following properties:
1) For any ξ ∈ T ∗M , ξ = (x, y),
π∗ξ(VΠξ) = Π
#(ξ); (14)
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2)
mt∗ξ(VΠξ) =
1
t
VΠmt(ξ) , (15)
where m : R∗ × T ∗M → T ∗M is the action by dilatation of R∗ on the fibers of
T ∗M , i.e., for any ξ = (x, y) ∈ T ∗M , mt(ξ) = (x, ty).
By studying the above properties of VΠ we conclude that, in a local coordinate system
(x, y) of T ∗M , VΠ is written as
VΠ(x, y) =
∑
i,j
Πij(x)yi
∂
∂xj
+
∑
i,j,k
F
ij
k (x)yiyj
∂
∂yk
, F
ij
k ∈ C
∞(M). (16)
In the following, we describe the local behavior of the flow ϕ of a Poisson spray VΠ
on (M,Π) in the neighborhood of the points of the zero-section of T ∗M because it plays
a fundamental role in the proof of our main result (Theorem 3.3). We note that, at
each x ∈M , the zero-section corresponds the zero-covector 0x = (x, 0) of T
∗
xM , and, at
such points we have T0x(T
∗M) = TxM ⊕ T0x(T
∗
xM)
∼= TxM ⊕ T
∗
xM , since T0x(T
∗
xM) is
canonically identified with T ∗xM . Therefore, each element u of T0x(T
∗M) can be written
as u = (u¯, θu), where u¯ = π∗0x (u) and θu is the projection of u on T0x(T
∗
xM)
∼= T ∗xM .
On the other hand, taking into account the local expression (16) of VΠ, we have that the
points 0x = (x, 0), x ∈M , are singular points of VΠ. So, the maximal integral curves of
VΠ through these points are the same ones, i.e., ϕt(0x) = 0x, for all t ∈ R and all x ∈M .
Hence, ϕt is well defined on a neighborhood of the zero-section of T
∗M for all t ∈ R and in
particular for t ∈ [0, 1]. Its tangent map at these points, ϕt∗0x : T0x(T
∗M)→ T0x(T
∗M),
is defined by ϕt∗0x = exp(tV˙Π0x ). In the last relation V˙Π0x is the composition of the
tangent map VΠ∗0x : T0x(T
∗M) → T00x (T (T
∗M)) of VΠ at 0x, as soon as it is viewed
as a smooth section of T (T ∗M), with the canonical projection of T00x (T (T
∗M)), which
is identified with T0x(T
∗M)⊕ T00x (T0x(T
∗M)) ∼= T0x(T
∗M)⊕ T0x(T
∗M), on its second
(vertical) summand T0x(T
∗M). (For more details, see Proposition 22.3 in [1].) From
(16), we obtain that, in the coordinates (x, y), VΠ∗0x has the matrix expression
VΠ∗0x =


I 0
0 I
0 Πx
0 0

 .
Consequently, for any u = (u¯, θu) ∈ T0x(T
∗M), V˙Π0x (u) = V˙Π0x (u¯, θu) = (−Π
#(θu), 0)
and
ϕt∗0x
(u) = exp
(
tV˙Π0x (u)
)
= (u¯− tΠ#0 (θu), θu). (17)
Finally, we remark that the contravariant analogue of the classical notion of geodesic
spray can also be defined in the framework of Poisson geometry. Given a contravari-
ant connection ∇ on T ∗M of (M,Π) with coefficients Γijk , the notion of geodesics of
∇ on T ∗M is defined, as usual, as the cotangent paths a : [0, 1] → T ∗M whose
contravariant derivative along itself is identically zero: ∇aa(t) = 0. In local coor-
dinates (x, y), a geodesic can be regarded as a curve (γ, a) : [0, 1] → M × T ∗M ,
(γ(t), a(t)) = (x1(t), . . . , xn(t), y1(t), . . . , yn(t)), which satisfies the following system of
ode’s: 

dxi
dt = Π
ki(x(t))yk(t)
dyi
dt = −Γ
jk
i (x(t))yj(t)yk(t)
, i = 1, . . . , n. (18)
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The system (18) determines the vector field VΠ on T
∗M , that is given by
VΠ = Π
kiyk
∂
∂xi
− Γjki yjyk
∂
∂yi
and it is called the geodesic Poisson spray, which, clearly, has the properties (14) and
(15) of Poisson sprays. The above discussion ensures us the existence of Poisson sprays
on (M,Π).
We have that, if the considered contravariant connection on T ∗M is the connection ∇˜
defined by a linear symmetric connection ∇ on TM as in (9), the corresponding geodesic
Poisson spray takes the form
VΠ =
∑
i,j
Πijyi
∂
∂xj
−
∑
i,j,k
Γ˜ijk yiyj
∂
∂yk
(13)
=
∑
i,j
Πijyi
∂
∂xj
−
∑
i,j,k,l
(ΓiklΠ
lj +
∂Πij
∂xk
)yiyj
∂
∂yk
=
∑
i,j
Πijyi
∂
∂xj
−
∑
i,j,k,l
ΓiklΠ
ljyiyj
∂
∂yk
=
∑
i
yi(Π
#
0 (dx
i))h. (19)
Note that, for any k = 1, . . . , n, the sum
∑
i,j
∂Πij
∂xk
yiyj is annulled because of the skew-
symmetry of Π. In this special case, at every point ξ ∈ T ∗M , VΠξ coincides with the
horizontal lift of Π#(ξ) on T ∗M with respect to ∇. Therefore, VΠ is a section of the
horizontal subbundle H of T (T ∗M) defined by ∇.
2.5 Symplectic realization of a Poisson manifold
In this subsection we present, briefly, the basic steps of the proof of M. Crainic and I.
Maˇrcut¸’ theorem [6] on the symplectic realization of a Poisson manifold:
Theorem 2.4 ([6]) Given a Poisson manifold (M,Π) and a Poisson spray VΠ, there
exists an open neighborhood U ⊂ T ∗M of the zero-section so that
Ω :=
∫ 1
0
ϕ∗tωcandt,
where ϕ is the flow of VΠ, is a symplectic structure on U and the canonical projection
π : (U ,Ω)→ (M,Π) is a symplectic realization.
Firstly, they calculate the value of Ω on vectors tangent to T ∗M at zeros 0x ∈ T
∗
xM .
By identifying the space T0x(T
∗M) with TxM ⊕ T
∗
xM , they prove that, for all u =
(u¯, θu), w = (w¯, θw) ∈ T0x(T
∗M) ∼= TxM ⊕ T
∗
xM ,
Ω0x(u,w) = 〈θw, u¯〉 − 〈θu, w¯〉 −Π(θu, θw). (20)
The above formula implies that the closed 2-form Ω is nondegenerate at the points of the
zero-section of T ∗M . So, there exists a neighborhood U of the zero-section in T ∗M on
which ϕt is well defined for any t ∈ [0, 1] and Ω|U is symplectic. In the second step, by
fixing such a U , they consider a torsion-free covariant connection ∇ on TM , in order to
handle vectors tangent to T ∗M , and they establish a generalization of (20) at arbitrary
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points ξ ∈ U . Precisely, they prove (Lemma 2.3 in [6]) that, for any pair (u,w) of
elements of Tξ(T
∗M),
Ω(u,w) =
(
〈θ˜wt , u¯t〉 − 〈θ˜ut , w¯t〉 −Π(θ˜ut , θ˜wt)
)∣∣1
0
,
where ut = ϕt∗(u) (resp. wt = ϕt∗(w)), u¯t = π∗(ut) (resp. w¯t = π∗(wt)), θut = ut − u¯
h
t
(resp. θwt = wt − w¯
h
t ) and θ˜ut (resp. θ˜wt) is a solution of the differential equation
∇˜at θ˜ut = θut (resp. ∇˜at θ˜wt = θwt), with at being the path on U given by at = ϕt(ξ).
In the third and last step, they show that the projection π|U : U → M push-down the
bivector associated to Ω to the Poisson tensor Π, i.e., that π is a Poisson map.
3 Sympectic realization of Poisson-Nijenhuis manifolds
Let (M,Π0, N) be a Poisson-Nijenhuis manifold. Without loss of generality we assume
that N is nondegenerate. We can make this assumption because, if detN = 0, we can
replaceN with the nondegenerate Nijenhuis operatorN ′ = I+N which produces with Π0
the same bi-Hamiltonian structure viewed as a bi-parametric family Πκ,λ = κΠ0 + λΠ1,
κ, λ ∈ R, of pairwise compatible Poisson structures, with Π#1 = N ◦ Π
#
0 . In this case,
an hierarchy (Πk)k∈Z, Π
#
k = N
k ◦ Π#0 , of pairwise compatible Poisson structures is
also defined on M . We consider the complete lift N c of N on T ∗M and the pair of
sympectic forms (ωcan, ω1), where ωcan is the canonical symplectic form on T
∗M and
ω1 is the symplectic 2-form defined by ω1(·, ·) = ωcan(N
c·, ·) = ωcan(·, N
c·). In the local
coordinate system (x, y) of T ∗M , they have, respectively, the matrix expression
ωcan =
(
0 −I
I 0
)
and ω1 =
(
−A − tN
N 0
)
.
Since N c is a Nijenhuis operator, ωcan and ω1 are Poisson-compatible in the sense of
[26, 19]. Furthermore, we consider a Poisson spray VΠ0 on T
∗M associated to Π0 and
we denote by ϕ its flow. Thereafter, we endow T ∗M with the pair of closed 2-forms
Ω0 =
∫ 1
0
ϕ∗tωcandt and Ω1 =
∫ 1
0
ϕ∗tω1dt (21)
and we remember that Ω0 is symplectic [6].
Lemma 3.1 The pair (Ω0,Ω1) is a pair of Poisson-compatible 2-forms.
Proof. By definition [26], (Ω0,Ω1) is Poisson-compatible if its recursion operator R
defined by R = Ω♭
−1
0 ◦Ω
♭
1 is a Nijenhuis operator.
1 It is well known that it is true if and
only if the 2-form Ω2 defined by the relation Ω
♭
2 = Ω
♭
1 ◦ R = Ω
♭
0 ◦ R
2 is closed, [2]. We
have that, for all u,w ∈ Γ(T (T ∗M)),
Ω1(u,w) =
∫ 1
0
(ϕ∗tω1)(u,w)dt =
∫ 1
0
ω1(ϕt∗u, ϕt∗w)dt =
∫ 1
0
ωcan(N
c(ϕt∗u), ϕt∗w)
and
Ω1(u,w) = Ω0(Ru,w) =
∫ 1
0
ϕ∗tωcan(Ru,w)dt =
∫ 1
0
ωcan(ϕt∗Ru,ϕt∗w)dt.
1We recall that Ω♭i , i = 0, 1, denotes the vector bundle map from TM to T
∗M whose the induced
map on the space of smooth sections, also denoted by Ω♭i , is defined as follows: for any X,Y ∈ Γ(TM),
〈Ω♭i(X), Y 〉 = −Ωi(X,Y ).
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Thus, for all u,w ∈ Γ(T (T ∗M)),
∫ 1
0
ωcan(ϕt∗Ru,ϕt∗w)dt =
∫ 1
0
ωcan(N
c(ϕt∗u), ϕt∗w). (22)
We consider on T ∗M the closed 2-form ω2 defined by ω
♭
2 = ω
♭
0 ◦ (N
c)2 (since T (N c) = 0,
dω2 = 0) and we calculate, for all u,w ∈ Γ(T (T
∗M)),
Ω2(u,w) = Ω0(R
2u,w) =
∫ 1
0
ϕ∗tωcan(R
2u,w)dt =
∫ 1
0
ωcan(ϕt∗R
2u, ϕt∗w)dt
(22)
=
∫ 1
0
ωcan(N
c(ϕt∗(Ru)), ϕt∗w)dt =
∫ 1
0
ωcan(ϕt∗(Ru), N
cϕt∗w)dt
=
∫ 1
0
ωcan(ϕt∗(Ru), ϕt∗(ϕ−t∗N
cϕt∗w))dt
(22)
=
∫ 1
0
ωcan(N
c(ϕt∗u), ϕt∗(ϕ−t∗N
cϕt∗w))dt
=
∫ 1
0
ωcan(N
c(ϕt∗u), N
c(ϕt∗w))dt =
∫ 1
0
ωcan((N
c)2(ϕt∗u), ϕt∗w)dt
=
∫ 1
0
ω2(ϕt∗u, ϕt∗w)dt =
∫ 1
0
ϕ∗tω2(u,w)dt.
Therefore,
Ω2 =
∫ 1
0
ϕ∗tω2dt and dΩ2 = 0.
Hence we get the compatibility of Ω0 with Ω1. 
For the follow of our study we have also need the next lemma.
Lemma 3.2 Let (M,Π0, N) be a Poisson-Nijenhuis manifold equipped with a torsion-
free covariant connection ∇ compatible with N . Then, for any α, β ∈ Γ(T ∗M), the
following identity holds:
∇˜α(
tNβ) = tN(∇˜αβ), (23)
where ∇˜ is the contravariant connection (9) on T ∗M induced by ∇ and Π0.
Proof. Effectively, for any α, β ∈ Γ(T ∗M) and X ∈ Γ(TM), we have
〈∇˜α(
tNβ),X〉
(9)
= 〈∇
Π#0 (
tNβ)
α+ [α, tNβ]Π0 , X〉
(1)
= 〈∇
Π#0 (
tNβ)
α,X〉 + 〈L
Π#0 (α)
( tNβ)− L
Π#0 (
tNβ)
α− d(Π1(α, β)), X〉
(2)
= Π#1 (β)〈α, X〉 − 〈α,∇NΠ#0 (β)
X〉+Π#0 (α)〈
tNβ, X〉
− 〈 tNβ, L
Π#0 (α)
X〉 −Π#1 (β)〈α, X〉+ 〈α, LΠ#1 (β)
X〉
− 〈d(Π1(α, β)), X〉
(5)
= −〈α, [NΠ#0 (β),X] +∇X(NΠ
#
0 (β))〉 +Π
#
0 (α)〈
tNβ, X〉
− 〈 tNβ, L
Π#0 (α)
X〉+ 〈α, [Π#1 (β),X]〉 − 〈d(Π1(α, β)), X〉
= −〈α, (∇XN)Π
#
0 (β) +N∇XΠ
#
0 (β)〉 +Π
#
0 (α)〈
tNβ, X〉
− 〈 tNβ, L
Π#0 (α)
X〉 − 〈d(Π1(α, β)), X〉.
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On the other hand,
〈 tN(∇˜αβ), X〉
(9)
= 〈∇
Π#0 (β)
α+ [α, β]Π0 , NX〉
(1)
= 〈∇
Π#0 (β)
α+ L
Π#0 (α)
β − L
Π#0 (β)
α− d(Π0(α, β)), NX〉
= Π#0 (β)〈α, NX〉 − 〈α, ∇Π#0 (β)
(NX)〉 +Π#0 (α)〈β, NX〉
− 〈β, L
Π#0 (α)
(NX)〉 −Π#0 (β)〈α,NX〉 + 〈α,LΠ#0 (β)
(NX)〉
− 〈d(Π0(α, β)), NX〉
= −〈α, (∇
Π#0 (β)
N)X +N∇
Π#0 (β)
X〉+Π#0 (α)〈β, NX〉
− 〈β, (L
Π#0 (α)
N)X +NL
Π#0 (α)
X〉+ 〈α,L
Π#0 (β)
N(X) +NL
Π#0 (β)
X〉
− 〈d(Π0(α, β)), NX〉
= −〈α, (∇
Π#0 (β)
N)X〉 − 〈 tNα, ∇
Π#0 (β)
X〉+Π#0 (α)〈β, NX〉
− 〈(L
Π#0 (α)
tN)β, X〉 − 〈 tNβ, L
Π#0 (α)
X〉+ 〈(L
Π#0 (β)
tN)α, X〉
+ 〈 tNα, L
Π#0 (β)
X〉 − 〈 tNd(Π0(α, β)), X〉.
Hence, taking into account the facts that N is compatible with the symmetric connection
∇ and C(Π0, N) = 0, we obtain
〈∇˜α(
tNβ)− tN(∇˜αβ), X〉 = −〈α, (∇XN)Π
#
0 (β)− (∇Π#0 (β)
N)X〉
+〈 tNα,∇
Π#0 (β)
X −∇XΠ
#
0 (β)− [Π
#
0 (β), X]〉
+ 〈−d(Π1(α, β)) + (LΠ#0 (α)
tN)β − (L
Π#0 (β)
tN)α
+ tNd(Π0(α, β)), X〉
(7,5,3)
= 0,
for any X ∈ Γ(TM). So, equality (23) is established. The above result means that,
under the conditions of compatibility of N with (Π0,∇),
tN is parallel with respect to
∇˜. 
Now, we proceed with the proof of the central theorem of this work.
Theorem 3.3 Let (M,Π0, N) be a Poisson-Nijenhuis manifold, with N nondegener-
ate, equipped with a torsion-free covariant connection ∇ compatible with N . Let, also,
(Πk)k∈Z, Π
#
k = N
k ◦ Π#0 , be the associated hierarchy of pairwise compatible Poisson
structures on M , VΠ0 a Poisson spray corresponding to Π0 and ϕ its flow. Then, there
exists an open neighborhood U of the zero-section in T ∗M such that the canonical pro-
jection π : (U ,Ω0,Ω1)→ (M,Π0,Π−1) is a symplectic realization of (M,Π0,Π−1), where
(Ω0,Ω1) is the pair of Poisson-compatible symplectic structures on T
∗M defined by (21).
Proof. The result of M. Crainic and I. Maˇrcut¸ [6] (see, also, subsection 2.5) ensures
the existence of a neighborhood U in T ∗M of the zero-section of T ∗M such that ϕt is
defined for all t ∈ [0, 1], Ω0|U is symplectic and π : (U , Π˜0) → (M,Π0), where Π˜0 is the
symplectic Poisson structure defined by Ω0, is a Poisson map. Our aim is to prove the
claims that Ω1|U is symplectic and π : (U , Π˜1)→ (M,Π−1) is also a Poisson map, where
Π˜1 is the symplectic Poisson structure defined by Ω1.
First step: We start by evaluating Ω1 on vectors tangent to T
∗M at the points 0x = (x, 0)
of the zero-section of T ∗M . As we noted in the subsection 2.4, T0x(T
∗M) = TxM ⊕
11
T0x(T
∗
xM) is canonically identified with TxM ⊕ T
∗
xM and each element u of T0x(T
∗M)
is identified with u = (u¯, θu), where u¯ = π∗0x (u) and θu is the projection of u on
T0x(T
∗
xM)
∼= T ∗xM . Hence, for any pair (u,w) of elements of T0x(T
∗M), u = (u¯, θu) and
w = (w¯, θw), we have
ω10x (u,w) =
(
w¯ θw
)(A − tN
N 0
)
0x
(
u¯
θu
)
=
(
w¯ θw
)( 0 − tN
N 0
)(
u¯
θu
)
= 〈θw, Nu¯〉 − 〈
tNθu, w¯〉 = 〈θw, Nu¯〉 − 〈θu, Nw¯〉. (24)
Furthermore, since ϕt(0x) = 0x,
(ϕ∗tω1)0x(u,w) = ω10x
(
(ϕt)∗0x (u), (ϕt)∗0x (w)
)
(17)
= ω10x
(
(u¯− tΠ#0 (θu), θu), (w¯ − tΠ
#
0 (θw), θw)
)
(24)
= 〈θw, Nu¯− tNΠ
#
0 (θu)〉 − 〈θu, Nw¯ − tNΠ
#
0 (θw)〉
= 〈θw, Nu¯〉 − 〈θu, Nw¯〉 − 2tΠ1(θu, θw).
Consequently,
Ω1 0x (u,w) =
∫ 1
0
(ϕ∗tω1)0x(u,w)dt =
∫ 1
0
(
〈θw, u¯〉 − 〈θu, w¯〉 − 2tΠ1(θu, θw)
)
dt
= 〈θw, Nu¯〉 − 〈θu, Nw¯〉 −Π1(θu, θw). (25)
The last expression implies that Ω1 is nondegenerate at the points 0x, x ∈M , of T
∗M .
Since ϕt is defined on U for any t ∈ [0, 1], we conclude that Ω1 is symplectic on U .
Second step: In this step we evaluate Ω1 on vectors tangent to T
∗M at arbitrary points
ξ of U and we establish a formula analogous of (25) which we shall use in the proof of
the assertion that π : (U ,Ω1) → (M,Π−1) is a Poisson morphism. In order to describe
the sections of T (T ∗M), we assume that M is equipped with a symmetric covariant
connection ∇ compatible with N in the sense of (7).2 Then, the tangent bundle of T ∗M
is decomposed, with respect to ∇, as T (T ∗M) = H ⊕ ker π∗, where H is the horizontal
distribution on T ∗M defined by ∇. Hence, any tangent vector u of T ∗M at ξ is written
as
u = u¯h + θu,
where u¯h is the horizontal lift at ξ of the projection u¯ = π∗ξ(u) of u on Tπ(ξ)M and θu is
the projection of u on ker π∗ξ
∼= T ∗π(ξ)M parallel to u¯
h. Clearly, at the points ξ = 0x, the
decomposition Tξ(T
∗M) = Hξ⊕kerπ∗ξ coincides with the one described in the previous
step. The fact that ∇ is torsion-free ensures that the distribution H is Lagrangian with
respect to ωcan. The extra condition (7) of compatibility of N with ∇ implies that
H is conserved by N c. Hence, H is also Lagrangian with respect to ω1, i.e., H is a
bi-Lagrangian distribution with respect to (ωcan, ω1). Indeed, for all u,w ∈ Tξ(T
∗M),
N cu = N cu¯h +N cθu
(6,7)
= (Nu¯)h + tNθu, (26)
and
ω1(u,w) = ωcan(N
cu,w)
(26)
= ωcan((Nu¯)
h + tNθu, w¯
h + θw)
= ωcan((Nu¯)
h, w¯h) + ωcan((Nu¯)
h, θw) + ωcan(
tNθu, w¯
h) + ωcan(
tNθu, θw)
= 〈θw, Nu¯〉 − 〈
tNθu, w¯〉 = 〈θw, Nu¯〉 − 〈θu, Nw¯〉, (27)
2For some comments on the existence of a such connection, see Remark 3.5.
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because H and ker π∗ are Lagrangian distributions on T
∗M with respect to ωcan. The
above formula is a generalization of (24) at an arbitrary point ξ ∈ T ∗M .
In the following, we fix ξ in U and we consider the cotangent path a : [0, 1] → U ,
at := ϕt(ξ), which is the integral curve of VΠ0 through ξ, and we denote by γ = π ◦ a its
base path on M . By pushing forward a tangent vector u ∈ TξU by ϕt∗ξ : TξU → TatU ,
t ∈ [0, 1], we obtain a smooth path ut := ϕt∗ξ(u) of vectors along a; its projection
u¯t = π∗at (ut) on TM yields a path of vectors along γ while its projection θut on the
vertical space ker π∗at parallel to u¯
h
t defines a path of covectors along γ, also. I.e., we
have u¯t ∈ Tγ(t)M and θut ∈ T
∗
γ(t)(M). Accordingly to Lemma 2.2 of [6], the two paths
are related by
∇¯at u¯t = Π
#
0 (θut). (28)
The action of N c on ut produces another path of vectors along a given by
N cut
(26)
= (Nu¯t)
h + tNθut.
Its corresponding paths on TM and T ∗M are Nu¯t and
tNθut, respectively. Hence,
taking into account (28), we get
∇¯at(Nu¯t) = Π
#
0 (
tNθut) = Π
#
1 (θut). (29)
Now, we can establish a generalization of (25) at an arbitrary point ξ of U . We
consider a pair (u,w) of elements of TξU and its associated pairs of paths (ut, wt) on TU
over a, (u¯t, w¯t) on TM and (θut , θwt) on T
∗M , both over the base path γ of a. Let θ˜ut
(resp. θ˜wt) be a path in T
∗M solution of the differential equation
∇˜at θ˜ut = θut (resp. ∇˜at θ˜wt = θwt). (30)
We will show that
Ω1(u,w) =
(
〈θ˜wt , Nu¯t〉 − 〈θ˜ut , Nw¯t〉 −Π1(θ˜ut , θ˜wt)
)∣∣1
0
. (31)
We have
Ω1(u,w) =
∫ 1
0
(ϕ∗tω1)(u, v)dt =
∫ 1
0
ω1(ut, wt)dt
(27)
=
∫ 1
0
(
〈θwt , Nu¯t〉 − 〈θut , Nw¯t〉
)
dt.
Hence, it is enough to prove that
〈θwt , Nu¯t〉 − 〈θut , Nw¯t〉 =
d
dt
(
〈θ˜wt, Nu¯t〉 − 〈θ˜ut , Nw¯t〉 −Π1(θ˜ut , θ˜wt)
)
. (32)
In fact, we have
〈θwt , Nu¯t〉 − 〈θut, Nw¯t〉 = 〈∇˜at θ˜wt, Nu¯t〉 − 〈∇˜at θ˜ut , Nw¯t〉
(11)
=
d
dt
(
〈θ˜wt, Nu¯t〉 − 〈θ˜ut , Nw¯t〉
)
−〈θ˜wt, ∇¯at(Nu¯t)〉+ 〈θ˜ut , ∇¯at(Nw¯t)〉.
Taking into account (29) and Lemma 3.2, the last two terms yield
〈θ˜wt, ∇¯at(Nu¯t)〉 − 〈θ˜ut , ∇¯at(Nw¯t)〉 = 〈θ˜wt , Π
#
1 (θut)〉 − 〈θ˜ut , Π
#
1 (θwt)〉
= 〈θ˜wt , NΠ
#
0 (∇˜at θ˜ut)〉 − 〈θ˜ut , Π
#
0
tN(∇˜at θ˜wt)〉
= 〈 tNθ˜wt, ∇¯atΠ
#
0 (θ˜ut)〉+ 〈
tN(∇˜at θ˜wt), Π
#
0 (θ˜ut)〉
(23)
= 〈 tNθ˜wt, ∇¯atΠ
#
0 (θ˜ut)〉+ 〈∇˜at(
tNθ˜wt), Π
#
0 (θ˜ut)〉
=
d
dt
〈 tNθ˜wt, Π
#
0 (θ˜ut)〉
=
d
dt
(Π1(θ˜ut, θ˜wt)).
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Thus, relation (32) is true and, consequently, formula (31) is also satisfied.
Third step: In the third and last step, we shall prove that the projection π is a Poisson
map for the pair (Π˜1,Π−1). For this, we firstly remark that
orthΩ1(ker π∗) = orthΩ0(R kerπ∗) and RorthΩ1(ker π∗) = orthΩ0(ker π∗),
where orthΩi(·) is the orthogonal distribution of (·) with respect to the symplectic struc-
ture Ωi, i = 0, 1, and R is the recursion operator of (Ω0,Ω1). We will show that
orthΩ1(ker π∗) = ker(π1)∗, (33)
where π1 = π ◦ ϕ1. Since ϕ1 is a diffeomorphism of U , dim ker(π1)∗ = dimker π∗ = n
and dimorthΩ1(ker π∗) = n. So, it suffices to show that ker(π1)∗ ⊆ orthΩ1(ker π∗).
We fix ξ ∈ U and we consider a vector u ∈ kerπ∗ξ and a vector w ∈ ker(π1)∗ξ , then
u¯0 = π∗ξ(u) = (π◦ϕ0)∗ξ(u) = 0, since ϕ0 = id, and w¯1 = 0. In view of N
c ker π∗ ⊆ ker π∗,
we have (N cu)0 = Nu¯0 = 0. On the other hand, we remark that the differential equation
(30), as an equation on θ˜ut (resp. θ˜wt), is a linear ordinary differential equation having
solutions defined for any t ∈ [0, 1] and satisfying any given initial condition. So, we can
choose solutions satisfying the conditions θ˜u0 = 0 and θ˜w1 = 0. Thus,
Ω1(u,w)
(31)
=
(
〈θ˜wt, Nu¯t〉 − 〈θ˜ut , Nw¯t〉 −Π1(θ˜ut , θ˜wt)
)
|10
= 〈θ˜w1 , Nu¯1〉 − 〈θ˜u1 , Nw¯1〉 −Π1(θ˜u1 , θ˜w1)
−〈θ˜w0 , Nu¯0〉+ 〈θ˜u0 , Nw¯0〉+Π1(θ˜u0 , θ˜w0)
= 0,
whence we conclude that w ∈ orthΩ1ξ (ker π∗ξ) and that (33) is valid. But, ker(π1)∗ =
orthΩ0(ker π∗) ([6]) and orthΩ1(ker π∗) = orthΩ0(R ker π∗), therefore, orthΩ0(R ker π∗) =
orthΩ0(ker π∗), which means that kerπ∗ is invariant by R.
Now we will calculate the projection of Π˜1 by π using the two expressions of Ω1 (see,
Lemma 3.1). We consider a point ξ ∈ U and an arbitrary covector θ ∈ T ∗xM , where
x = π(ξ), and we denote by u the unique vector in TξU defined by the relation
Ω♭1(u) = π
∗θ.
We can easily remark that u is a point of orthΩ1ξ (ker π∗ξ) = ker(π1)∗ξ , thus u¯1 = 0.
Furthermore, Ω♭1(u) = π
∗θ ⇔ Ω♭0(Ru) = π
∗θ, which yields that Ru ∈ orthΩ0ξ (ker π∗ξ) =
ker(π1)∗ξ , so (Ru)1 = 0. Consequently, for any w ∈ TξU , we have
Ω1(u,w) = Ω0(Ru,w) =
(
〈θ˜wt , (Ru)t〉 − 〈θ˜(Ru)t , w¯t〉 −Π0(θ˜(Ru)t , θ˜wt)
)
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= 〈θ˜w1 , (Ru)1〉 − 〈θ˜(Ru)1 , w¯1〉 −Π0(θ˜(Ru)1 , θ˜w1)
−〈θ˜w0 , (Ru)0〉+ 〈θ˜(Ru)0 , w¯0〉+Π0(θ˜(Ru)0 , θ˜w0)
and, by choosing θ˜(Ru)t verifying the initial condition θ˜(Ru)1 = 0, we obtain
Ω1(u,w) = −〈θ˜w0 , (Ru)0〉+ 〈θ˜(Ru)0 , w¯0〉+Π0(θ˜(Ru)0 , θ˜w0) ⇔
〈θ, w¯0〉 = −〈θ˜w0 , (Ru)0〉+ 〈θ˜(Ru)0 , w¯0〉+Π0(θ˜(Ru)0 , θ˜w0).
The last equation holds for any w ∈ TξU and for any initial value of θ˜w. Thus, θ˜(Ru)0 = θ
and Π#0 (θ) = (Ru)0. On the other hand, from the second expression of Ω1 we take
Ω1(u,w) =
(
〈θ˜wt , Nu¯t〉 − 〈θ˜ut , Nw¯t〉 −Π1(θ˜ut , θ˜wt)
)
|10
= 〈θ˜w1 , Nu¯1〉 − 〈θ˜u1 , Nw¯1〉 −Π1(θ˜u1 , θ˜w1)
−〈θ˜w0 , Nu¯0〉+ 〈θ˜u0 , Nw¯0〉+Π1(θ˜u0 , θ˜w0).
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Then, by choosing θ˜u1 = 0 and because of Nu¯1 = 0, we get
〈θ, w¯0〉 = −〈θ˜w0 , Nu¯0〉+ 〈
tNθ˜u0 , w¯0〉+Π0(
tNθ˜u0 , θ˜w0),
which holds for any w ∈ TξU and for any initial value of θ˜w. Therefore,
tNθ˜u0 = θ and
Π#0 (
tNθ˜u0) = Nu¯0. Hence,
Π#0 (θ) = Π
#
0 (
tNθ˜u0) = Nu¯0 ⇔ N
−1Π#0 (θ) = u¯0 ⇔ Π
#
−1(θ) = u¯0. (34)
However,
π∗θ = Ω♭1(u) ⇔ Π˜
#
1 (π
∗θ) = u ⇒ π∗(Π˜
#
1 (π
∗θ)) = π∗(u)
⇔ (π∗ ◦ Π˜
#
1 ◦ π
∗)(θ) = u¯0
(34)
⇔ (π∗ ◦ Π˜
#
1 ◦ π
∗)(θ) = Π#
−1(θ).
Therefore,
π∗ ◦ Π˜
#
1 ◦ π
∗ = Π#
−1,
which means that π is a Poisson map for the pair (Π˜1,Π−1), also. 
Remark 3.4 Let Π˜k be the Poisson structure defined, for any k ∈ Z, by the symplectic
form
Ωk =
∫ 1
0
ϕ∗tωkdt, where ωk(·, ·) = ωcan((N
c)k·, ·).
By considering on U the hierarchy (Π˜k)k∈Z of pairwise compatible Poisson structures,
we can easily prove that π is a Poisson map for any pair (Π˜k,Π−k), k ∈ Z.
Remark 3.5 In the second step of the proof of the above theorem, we have assumed the
existence of a symmetric covariant connection ∇ on M compatible with N . In general,
it is difficult to establish the conditions under which a given tensor field S on a smooth
manifold M admits a “compatible”, in a certain sense, symmetric covariant connection.
In local coordinates, finding a torsionless ∇ “compatible” with S reduces to determining
the existence of solutions for non-homogeneous C∞(M)-linear systems with unknowns
the Christoffel symbols of ∇. In our case, for given N , the corresponding systems are
the ones given by (8):
Γijlν
l
k − Γ
i
klν
l
j =
∂νij
∂xk
−
∂νik
∂xj
. (35)
By calling, for each i = 1, . . . , n, Γi the symmetric matrix with elements the unknown
functions Γijk, (35) is written as
ΓiN − tNΓi =
( ∂νij
∂xk
−
∂νik
∂xj
)
.
It is a C∞(M)-linear system of
n2 − n
2
equations with
n2 + n
2
unknowns, the functions
Γijk. Such a system, it is either incompatible, or, if it admits a solution, then it admits
an infinity of solutions whose difference is a solution of the corresponding homogeneous
system.
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4 Examples
In this section we give two examples of Poisson-Nijenhuis structures for which our result
is applicable.
Example 4.1 Pair of diagonal quadratic Poisson structures: Let V be a finite dimen-
sional (real) vector space and (x1, . . . , xn) a system of linear coordinates for V . We recall
that any bivector field Π on V of type
Π =
∑
i<j
̟ijxixj
∂
∂xi
∧
∂
∂xj
, with ̟ij ∈ R,
is Poisson and it is called diagonal quadratic Poisson structure, [8], [16]. Therefore, any
pair (Π0,Π1) of quadratic Poisson structures is compatible in the sense of Magri-Morosi
and it defines a bi-Hamiltonian structure on V . We consider such a pair and we suppose
that its elements are related by a recursion operator N , i.e., Π#1 = NΠ
#
0 = Π
#
0
tN .
Precisely, if
Π0 =
∑
i<j
̟
ij
0 x
ixj
∂
∂xi
∧
∂
∂xj
and Π1 =
∑
i<j
̟
ij
1 x
ixj
∂
∂xi
∧
∂
∂xj
,
then the components νij of N must be of type ν
i
j = n
i
j
xi
xj
with nij ∈ R and ̟
ij
1 = n
i
l̟
lj
0 =
̟il0 n
j
l . Because (Π0,Π1) are Poisson compatible, N is necessary a Nijenhuis operator.
Our problem consists of finding a symmetric covariant connection ∇ on V such that its
Christoffel symbols Γijk verify condition (8). We can easily check that the connection
with Christoffel symbols Γiii = −
1
xi
and all the other Γkij zero gives a solution to our
problem. Hence, we conclude that any Poisson-Nijenhuis structure of the considered
type is symplectically realizable.
Example 4.2 We consider the pair (Π0,Π1) of compatible Poisson structures on R
6,
where Π0 is the linear Poisson structure associated with the periodic Toda lattice of
3-particles and Π1 is the Poisson structure constructed in [7] that has the same Casimir
invariants with Π0 (the functions C = a1a2a3 and C
′ = b1+ b2+ b3) and whose first part
is the quadratic Poisson bracket associated to Volterra lattice. In Flaschka’s coordinate
system (a1, a2, a3, b1, b2, b3),
Π0 =
3∑
i=1
ai
∂
∂ai
∧ (
∂
∂bi
−
∂
∂bi+1
) and Π1 =
3∑
i=1
(aiai+1
∂
∂ai
∧
∂
∂ai+1
+
∂
∂bi
∧
∂
∂bi+1
),
with the convention (ai+3, bi+3) = (ai, bi). The pair possesses an infinity of recursion
operators of type
N =


0 0 0 f f f + a1
0 0 0 g + a2 g g
0 0 0 h h+ a3 h
a3
a1
F
a3
a2
F +
1
a2
F 0 0 0
a2
a1
G G
a2
a3
G+
1
a3
0 0 0
a3
a1
H +
1
a1
a3
a2
H H 0 0 0


,
where f, g, h, F,G,H ∈ C∞(R6). Since, Π#1 = N ◦ Π
#
0 is Poisson and compatible with
Π0, N is a Nijenhuis operator. In the case where F = G = H = 0 and f = g = h = C,
16
there exists an infinity of symmetric connections compatible with N . Such a ∇ is defined
by the functions
Γ144 = Γ
1
45 = Γ
1
54 = Γ
1
46 = Γ
1
64 = Γ
1
55 = Γ
1
56 = Γ
1
65 = C and Γ
1
66 = C + a1,
Γ245 = Γ
2
54 = Γ
2
46 = Γ
2
64 = Γ
2
55 = Γ
2
56 = Γ
2
65 = Γ
2
66 = C and Γ
2
44 = C + a2,
Γ344 = Γ
3
45 = Γ
3
54 = Γ
3
46 = Γ
3
64 = Γ
3
56 = Γ
3
65 = Γ
3
66 = C and Γ
3
55 = C + a3,
and all the other Γijk are zero. Then, by applying Theorem 3.3 we conclude that (Π0,Π1)
is symplectizable.
Open problem: Our first approach to the study of the problem mentioned in the
Introduction was the following. Let (M,Π0,Π1) be a bi-Hamiltonian manifold endowed
with a symmetric covariant connection ∇. We consider the convex linear combination
Πs = (1 − s)Π0 + sΠ1, s ∈ [0, 1], of Π0 and Π1 which produces on M an 1-parameter
family of pairwise compatible Poisson structures. Then the Poisson sprays and the
contravariant connections corresponding to the above structures have the following nice
properties.
• If VΠ0 is a Poisson spray of Π0 and VΠ1 is a Poisson spray of Π1, then the vector
field
VΠs = (1− s)VΠ0 + sVΠ1
is a Poisson spray of Πs = (1− s)Π0 + sΠ1.
• If ∇¯i and ∇˜i, i = 0, 1, are the contravariant connections on TM and T
∗M , respec-
tively, defined by the pair (∇,Πi), i = 0, 1, as in (9), then
– ∇¯s = (1− s)∇¯0 + s∇¯1 is a contravariant connection on TM ,
– ∇˜s = (1− s)∇˜0 + s∇˜1 is a contravariant connection on T
∗M ,
and the two are related by the formula
(∇¯s)αΠ
#
s (β) = Π
#
s ((∇˜s)αβ).
Hence, if (ϕs)t is the flow of VΠs , by applying the M. Crainic and I. Maˇrcut¸’s technique
we construct on a convenable neighborhood U of the 0-section of T ∗M an 1-parameter
family of symplectic forms
Ωs =
∫ 1
0
(ϕs)
∗
tωcandt, s ∈ [0, 1],
such that π : (U , Π˜s) → (M,Πs), where Π˜s = Ω
−1
s , is a Poisson map for any s ∈ [0, 1].
The question which arises is: Are the Poisson structures Π˜s, s ∈ [0, 1], compatible between
them? If not, under what conditions can this happen?
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